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Abstract 

Let A be a set of three integers and let % be the space of 27r-periodic 
functions with spectrum in A endowed with the maximum modulus norm. 
We isolate the maximum modulus points x of trigonometric trinomials 
T 6 and prove that x is unique unless |T| has an axis of symmetry. 
This permits to compute the exposed and the extreme points of the unit 
ball of ^a, to describe how the maximum modulus of T varies with respect 
to the arguments of its Fourier coefficients and to compute the norm of 
unimodular relative Fourier multipliers on We obtain in particular 
the Sidon constant of A. 

1 Introduction 

Let Ai, A2 and A3 be three pairwise distinct integers. Let n, r 2 and r% be three 
positive real numbers. Given three real numbers t\, t 2 and £3, let us consider 
the trigonometric trinomial 

T{x) = ri e i{tl+Xlx) + r 2 e i(t2+X2x) + r 3 e i{t3+X3x) 

for The A's are the frequencies of the trigonometric trinomial T, the r's 

are the moduli or intensities and the t's the arguments or phases of its Fourier 
coefficients 7*1 e 1 * 1 , 7-2 e 1 ' 2 and r3e lt3 . 

The maximum modulus of a trigonometric trinomial has a geometric inter- 
pretation. Without loss of generality, we may assume that A2 is between Ai and 
A3. Let H be the curve with complex equation 

2 = rie i(«i-(A 2 -A 1 )a : ) +r3e i(t3+(A3-A 2 )x) ^ < % ^ 

H is a hypotrochoid: it is drawn by a point at distance r 3 to the centre of a 
circle with radius r\ \ A2 — Ai | / 1 A3 — A2 1 that rolls inside another circle with radius 
ri I A3 — Ai l/l A3 — A2 1 . The maximum modulus of (JTJ) is the maximum distance of 
points z £ H to a given point — ^e 1 * 2 of the complex plane. Figure [1] illustrates 
a particular case. 

We deduce an interval on which T attains its maximum modulus indepen- 
dently of the moduli of its Fourier coefficients (see Theorcm l7. 11 (a) for a detailed 
answer.) We prove in particular the following result. 
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Figure 1: The unit circle, the hypotrochoid z = 4e l2x + e lx , its unique point 
at maximum distance to —1 and its two points at maximum distance to — e l1T / 3 . 

Theorem 1.1. Let d — gcd(A2 — Ai, A3 — A2) and let t be the distance of 

hi_h tl + h_± t2 + ±_h t3 (3) 

dad 

to 2ttZ. The trigonometric trinomial T attains its maximum modulus at a 
unique point modulo 2ir/d, with multiplicity 2, unless r = n. 

Theorem 11.11 shows that if there are two points of the hypotrochoid H at 
maximum distance to — ^e 1 * 2 , it is so only because — r2e lt2 lies on an axis of 
symmetry of H . 

We obtain a precise description of those trigonometric trinomials that attain 
their maximum modulus twice modulo 2ir/d (see Theorem 17. li fe).) Their role 
is illustrated by the following geometric result. Let us first put up the proper 
functional analytic framework. Let A = {Ai,A2,A3} be the spectrum of the 
trigonometric trinomial T and denote e\: x 1-^ e lXx . Let be the space of 
functions spanned by the e,\ with A G A, endowed with the maximum modulus 
norm. Recall that a point P of a compact convex set K is exposed if there is 
a hyperplane that meets K only in P; P is extreme if it is not the midpoint of 
any two other points of K. 

Theorem 1.2. Let K be the unit ball of the space and let P G K. 

(a) The point P is an exposed point of K if and only if P is either a trigono- 
metric monomial e la e\ with a G K and A G A or a trigonometric tri- 
nomial that attains its maximum modulus, 1, at two points modulo 2n/d. 
Every linear functional on attains its norm on an exposed point of K . 

(b) The point P is an extreme point of K if and only if P is either a trigono- 
metric monomial e la e\ with a G K and A G A or a trigonometric trino- 
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mial such that 1 — \P\ has four zeroes modulo 2ir/d, counted with multi- 
plicities. 

We describe the dependence of the maximum modulus of the trigonometric 
trinomial T on the arguments. The general issue has been addressed for a long 
time. The articles jTOl [T7] are two early references. 

Let us state our main theorem, that solves an elementary case of the complex 
Mandel'shtam problem, a term coined in [5] • It appeared originally in electrical 
circuit theory: "L. I. Mandel'shtam communicated me a problem on the phase 
choice of electric currents with different frequencies such that the capacity of 
the resulting current to blow is minimal" [31 p. 396]. 

Extremal problem 1.3 (Complex Mandel'shtam problem). To find the mini- 
mum of the maximum modulus of a trigonometric polynomial with given Fourier 
coefficient moduli. 

Theorem 1.4. The maximum modulus of ([T]) is a strictly decreasing function 
of t . In particular, 

min max|r ie i(tl+Ai;l;) +r 2 e i(t2+A22;) +r 3 e i(t3+A3a;) | 

= max|eir 1 e lAia: + e 2 r 2 e lX2X + e 3 r 3 e lA3a: | 

if eij £2 cind e 3 are real signs +1 or —1 such that Citj = —1, where i,j,k is 
a permutation of 1, 2, 3 such that the power of 2 in \ — \j is greater than the 
power of 2 in A,; — Xk and in Xk — Xj . 

Our result shows that the maximum modulus is minimal when the phases 
are chosen in opposition, independently of the intensities r\ , r 2 and r 3 . 

The decrease of the maximum modulus of ([T]) may be bounded as shown in 
the next result. 

Theorem 1.5. Suppose that X 2 is between Ai and A 3 . The quotient of the 
maximum modulus of (fTJ) by \r\ + r2C 1T!i /' A3_Al +r 3 | is a strictly increasing 
function of t unless r% : r 3 = |A 3 — A 2 | : \X 2 — Ai|, in which case it is constantly 
equal to 1. 

When r\ : r 3 = |A 3 — A 2 | : |A 2 — Ai|, the hypotrochoid H with equation ([2]) 
is a hypocycloid with |A 3 — X\\/d cusps: the rolling point is on the rolling circle. 
Figure [2] illustrates a particular case. 

We may deduce from Theorem 11.51 a less precise but handier inequality. 

Theorem 1.6. Let 

D = max(|A 2 - Ai|, |A 3 - A 2 |, |A 3 - Ai|) 

gcd(A 2 -Ai,A 3 -Ai) 1 ' 
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Figure 2: The unit circle, the deltoid z = (l/3)e l2x + (2/3)e lx , its unique point 
at maximum distance to —1 and its two points at maximum distance to — e 17T / 3 . 

be the quotient of the diameter of A by d. Let t[, t' 2 and t' 3 be another three real 
numbers and define similarly r'. If t > t' , then 



max 



rie i(*i+Aix) _|_ r2e i(t 2 +\ 2 x) _|_ r3e i(t3+A 3 a:) | 

rie i(*i+Aix) _|_ r e i(t' a +X a x) _|_ g i (t' 3 + \ :i x) I 



cos (t 2D) 

> r- 1 -, — r max 

cos(t'/2L») x 



with equality if and only if r\ : r 2 : r 3 — | A3 — A2 1 : | A3 — Ai | : | A2 — Ai | . 

If we choose r' = in the last result, we get the solution to an elementary 
case of the following extremal problem. 

Extremal problem 1.7. To find the minimum of the maximum modulus of 
a trigonometric polynomial with given spectrum, Fourier coefficient arguments 
and moduli sum. 



Theorem 1.8. We have 



^ cos(t/2D) 



n +r 2 + r 3 

with equality if and only if t — or r\ : r 2 : r 3 = | A 3 — A2 1 : | A3 — Ai | : | A2 — Ai | . 

The dependence of the maximum modulus of ([I]) on the arguments may also 
be expressed as properties of relative multipliers. Given three real numbers t\, 
ti and £3, the linear operator on % defined by e^^ <— > e ltj e\ j is a unimodular 
relative Fourier multiplier: it multiplies each Fourier coefficient of elements of 

by a fixed unimodular number; let us denote it by (t\, t 2 ,t 3 ). Consult [7] for 
general background on relative multipliers. 

Theorem 1.9. The unimodular relative Fourier multiplier (^1,^2,^3) has norm 
cos ((7r-T)/2L>)/cos(7r/2L>), 
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where r is defined as in Theorem \1.1\ and D is given by and attains its 
norm exactly at functions of the form 

with n : r 2 : r 3 = | A 3 — A 2 1 : | A3 — Ai| : |A 2 - Ai| and 

A2 — A3 A3 — Ai Ai — A2 , 

: U\ H : U 2 H ; U3 = ?T mod 27T. 

d a a 

The maximum of the norm of unimodular relative Fourier multipliers is the 
complex unconditional constant of the canonical basis (e\ 1 , e\ 2 , e\ 3 ) of %?a. As 

n +r 2 +r 3 = max|rie iAia: + r 2 e iX2X + r 3 e iX3X \, 

this constant is the minimal constant C such that 

r l +r 2 + r 3 < Cmaxke'*" 1 ^ 11 ' + ^e^+A^) + r3e i(u 3 +\ 3 x) i . 

a; ' ' 

it is therefore the Sidon constant of A. It is also the solution to the following 
extremal problem. 

Extremal problem 1.10 (Sidon constant problem). To find the minimum of 
the maximum modulus of a trigonometric polynomial with given spectrum and 
Fourier coefficient moduli sum. 



We obtain the following result, setting r = n in Theorem 11.91 

Corollary 1.11. The Sidon constant of A is sec(Trd/2D) . It is attained exactly 
at functions of the form given in Theorem \1.9l 

Let us now give a brief description of this article. In Sections [2] and El we use 
carefully the invariance of the maximum modulus under rotation, translation 
and conjugation to reduce the arguments t\, t 2 and t 3 of the Fourier coefficients 
of the trigonometric trinomial T to the variable r. Section [4] shows how to 
further reduce this study to the trigonometric trinomial 

ne- ifcB +r2e u + r 3 e ite (5) 

with k and I positive coprime integers and t € [0,ir/(k + I)]. In Section we 
prove that ([5]) attains its maximum modulus for x G [—t/k,t/l]. Section [6] stud- 
ies the variations of the modulus of |5|) for x e [—t/k,t/l]: it turns out that 
it attains its absolute maximum only once on that interval. This yields Theo- 
rem [O] Section [7] restates the results of the two previous sections for a general 
trigonometric trinomial T. Section [5] is dedicated to the proof of Theorem 11.21 
In Section [9l we compute the directional derivative of the maximum modulus 
of ([5]) with respect to the argument t and prove Theorems 11.41 11.51 11.61 and 11.81 
In Section 1101 we prove Theorem 11.91 and show how to lift unimodular relative 
Fourier multipliers to operators of convolution with a linear combination of two 
Dirac measures. Section [TT1 replaces our computation of the Sidon constant in 
a general context; it describes the initial motivation for this research. 

Part of these results appeared previously, with a different proof, in 14, Cha- 
pter 11.10] and in [12]. 
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Notation. Throughout this article, Ai, A2 and A3 are three pairwise distinct 
integers, A = {Ai, A2, A 3 } and d = gcd(A2 — Ai, A3 — A 2 ). If A is an integer, eA 
is the function x 1— > e lXx of the real variable x. A trigonometric polynomial is a 
linear combination of functions e a; it is a monomial, binomial or trinomial if this 
linear combination has one, two or three nonzero coefficients, respectively. The 
normed space is the three-dimensional space of complex functions spanned 
by e\ with A e A, endowed with the maximum modulus norm. The Dirac 
measure 5 X is the linear functional T 1— ► T(x) of evaluation at x on the space of 
continuous functions. 

2 Isometric relative Fourier multipliers 

The role of Quantity ([3]) is explained by the following lemma. 

Lemma 2.1. Let t\ 7 ti and i 3 be real numbers. The unimodular relative Fourier 
multiplier M — {ti,t%,t$) is an isometry on if and only if 

A3 A3 A]_ A^ A2 ^ o ^ (a\ 

— ^— tl + 1 2 + — ^— t, e 2ttZ : (6) 

i£ is a unimodular multiple of a translation: there are real numbers a and v such 
that Mf(x) = e ia f(x - v) for all f € and all 

Proof. If M is a unimodular multiple of a translation by a real number i>, then 

| rie i(*i+Ai«) + r2e i{t2+Mv) + r3e i(t 3 +\ 3 v) J = ri + r2 + r3) 

which holds if and only if 

t\ + Ail) = ti + A2U = £3 + A3U modulo 27r. (7) 

There is a v satisfying ([7]) if and only if Equation © holds as ([7]) means that 
there exist integers a± and 03 such that 

t2 — ti + 2irai ti — ts + 27ra3 



Ai — A2 A3 — A2 

If ti, t 2 and ts are three real numbers satisfying ©, let v be such that J7J) holds. 
Then 



rie i(*i+ u i+ A i x ) _|_ r2e i ( t 2+M2+A 2 a;) _|_ r3 gi(*3+""3+A 3 a;) 

_ e i(t2+A 2 i>) ^ ri gi(«i+Ai(a— u)) _|_ r2e i(«2+A2(s-f)) _|_ r3e i(«3+A 3 (s— 

for all real numbers m, U2, U3 and x. □ 
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3 The arguments of the Fourier coefficients of a 
trigonometric trinomial 

A translation and a rotation permit to reduce the three arguments of the Fourier 
coefficients of a trigonometric trinomial to just one variable. Use of the involu- 
tion f(—x) of permits to restrain even further the domain of that variable. 

Lemma 3.1. Let t\, t% and t% be real numbers and let t% be the representant of 

A 2 — A.s Ai — Ao 

r-Hr*i+fe + r— r*3 (8) 

A3 — Ai A3 — A\ 

modulo 2tt/\ A3 — Ai | in [ — 7rd/| A3 — Ai | , 7rd/| A3 — Ai | [. 

(a) There are real numbers a and v such that 

rie i(ti+Aix) _|_ T2e i(t 2 +\2x) _j_ r i(t 3 +A 3 a;) 

= c ia (rie iXl( - x - v) + r 2 e i( ' 2+A2(a; - 1 ' )) + r 3 e iA3(x_,,) ^ (9) 

for all x. 

(b) Let t = be the distance of (JSJ) to (27rd/|A3 — Ai|)Z. There is a sign 
e £ { + 1, —1} such that 

\ne i( - tl+XlX ^ + r 2e i ( t2 + X2X ) + r 3 e [< - t3+XaX " > \ 

= \ne iXie ( x ~ v ^ + r2e i< - t+X2e( - x ~ v ^ + r 3 e iX:>e< - x ~ v ^\ 

for all x. 

Proof, (a). The argument t% is chosen so that the relative multiplier (ii,t2 — 
t2,H) is an isometry. 

(b). If I2 is negative, take the conjugate under the modulus of the right hand 
side in©. □ 

Remark 3.2. We have also 

= \rie iXl< > x ~ v ^ + r2e [ ( t+X2< - x ~ v ^ + ^e^ 3 ^ - ^ | 

for all x and t, where v satisfies \±v = 2Trd/{\ 3 — Ai) + A2f = A3V modulo 27r, 
that is 

2to7t . A3 - A 2 , . A 3 - Ai 

v = — witn m an inverse 01 modulo . 

A3 — Ai d d 
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4 The frequencies of a trigonometric trinomial 

We may suppose without loss of generality that Ai < A 2 < A 3 . Let k = (A 2 — Ai)/ 
d and I = (A 3 - X 2 )/d. Then 

|rie iAi:E +r 2 e i( * +A2:r) + r 3 e iX:3X \ = \ ri c-' lk{dx) + r 2 c H + r 3 e il{dx) \ . 

A homothety by d -1 permits to restrain our study to the function 

f(t,x) = \r lC - ikx + r 2 e [t + r 3 e Ux \ 2 



for x € K with k and I two positive coprime numbers and t € [0, n/ (k + I)] . We 
have 

f(-t,x) = f(t,-x) (10) 
f(t + 2ir/(k + l),x) = f(t,x-2mir/(k + l)) (11) 

for all x and t, where m is the inverse of I modulo k + I. In particular, if 
t = ir/(k + I), we have the symmetry relation 

f(w/(k + l),x) =f(w/(k + l),2mn/(k + l)-x). (12) 

5 Location of the maximum point 

The purpose of our first proposition is to deduce a small interval on which a 
trigonometric trinomial attains its maximum modulus. Note that a trigonomet- 
ric binomial attains its maximum modulus at a point that depends only on the 
phase of its coefficients: 

• \r\e~ lkx + r 2 e l4 | attains its maximum at —t/k independently of n and 

• \ric~ lkx + r 3 e llx \ attains its maximum at independently of n and r 3 , 

• |r 2 e'* + r3e lia: | attains its maximum at t/l independently of r 2 and r 3 . 

The next proposition shows that if the point at which a trigonometric trinomial 
attains its maximum modulus changes with the intensity of its coefficients, it 
changes very little; we get bounds for this point that are independent of the 
intensities. 

Proposition 5.1. Let k,l be two positive coprime integers. Let r\, r 2 and r 3 

be three positive real numbers. Let t £ [0, ir/(k + I)] . Let 

f{x) - Ine-^ + rae^ + rae"*! 2 

for 

(a) The function f attains its absolute maximum in the interval [—t/k, t/l]. 
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(b) If f attains its absolute maximum at a point y outside of [—t/k, t/l] modulo 
2tt, then t = n/(k + I) and 2mir / 1 (k + I) — y lies in [—t/k, t/l] modulo 2ir, 
where m is the inverse of I modulo k + l. 

Proof, (a). We have 

f(x) = r\ + r\ + r\ + 2- 

(rir 2 cos(i + kx) + rir 3 cos((&: + l)x) + r 2 r 3 cos(t — lx)) . (13) 

Let us prove that / attains its absolute maximum on [—t/k, t/l]. Let y be 
outside of [—t/k, t/l] modulo 2n. Let / be the set of all x <G [—t/k, t/l] such that 

cos(i + kx) ^ cos(t + ky) 
cos((fc + l)x) ^ cos((fc + l)y) 
cos(t — lx) ^ cos(t — ly). 

Note that if x e [-t/k, t/l], then 

t + kxe [0, (k + l)t/l] 
(k + l)x e [-(k + l)t/k,{k + l)t/l] 
t-lxe [0, (k + l)t/k], 

and that (k + l)t/k, (k + l)t/l C [0, n]. Let 

• a be the distance of t/k + y to (2n/k)Z, 

• (3 be the distance of y to (2ir/ (k + l))l>, 

• 7 be the distance of t/l — y to (2ir/l)Z. 
Then 

/ = [-t/k, t/l] n [-t/k - a, -t/k + a]n [-(}, 0] n [t/l - 7, t/l + 7]. (14) 
Let us check that I is the nonempty interval 

/ = [max(-i/fc, -(}, t/l - 7), min(i/7, -t/k + a, (3)] . (15) 
In fact, we have the following triangular inequalities: 

• — (3 ^ —t/k+a because t/k is the distance of (t/k+y) — y to (2n /k(k+l))Z; 

• t/l — 7 < —t/k + a because t/l + t/k is the distance of (t/k + y) + (t/l — y) 
to (2n/kl)Z; 

• t/l — 7 < (3 because t/l is the distance of (t/l — y) + y to (2-k /l{k + Z))Z. 
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The other six inequalities that are necessary to deduce fTS"]) from ([14"]) are obvi- 
ous. 

(b). We have proved in (a) that there is an x G [—t/k, t/l] such that cos(i + 
fcx) ^ cos(t + ky), cos((fc + l)x) ^ cos((fc + and cos(i — Ix) ^ cos(i — iy). 
In fact, at least one of these inequalities is strict unless there are signs 8,e,rj G 
{ — 1, 1} such that t + kx = S(t + ky), t — Ix = e(t — ly) and (k + l)x = rj(k + l)y 
modulo 2ir. Two out of these three signs are equal and the corresponding two 
equations imply the third one with the same sign. This system is therefore 
equivalent to 

k(x-y)=0 \ k(x +y) = -2t 

or < 

l(x-y)=0 [ l(x + y) = 2t 

modulo 2ir. The first pair of equations yields x = y modulo 2ir because k and 
I are coprime. Let m be an inverse of / modulo k + I; then the second pair of 
equations is equivalent to 

2{k + l)t = 
x + y = 2mt 

modulo 2tt. Therefore g does not attain its absolute maximum at y unless 
t = n/(k + I) and 2m?r/(fc + I) - y G [-t/k, t/l]. □ 

Remark 5.2. This proposition is a complex version of |16[ Lemma 2.1]. 

6 Uniqueness of the maximum point 

Note that 

r ie - ikx + r 2 e it + r 3 e ilx = rse - "^ + r 2 e if + ne 1 ^" 1 ' 

with r[ — r3, r' a = ri, k' = I, V = k and x' = —x. We may therefore suppose 
without loss of generality that kr\ ^ lr^. 

Our second proposition studies the points at which a trigonometric trinomial 
attains its maximum modulus. Note that if k = / = 1, the derivative of |/| 2 has 
at most 4 zeroes, so that the modulus of / has at most two maxima and attains 
its absolute maximum in at most two points. Proposition 16 . 1 1 shows that this is 
true in general, and that if it may attain its absolute maximum in two points, 
it is so only because of the symmetry given by (|12[) . 

Proposition 6.1. Let k,l be two positive coprime integers. Let n, r 2 and r^ 

be three positive real numbers such that kr\ ^ lr%. Let t G ]0,7r/(fc + I)]. Let 

f(x) = \ n e- ikx + r 2 e il + r 3 e ilx \ 2 

for x G [~t/k, t/l}. 
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(a) There is a point x* € [0,t/l] such that df/dx > on ]—t/k,x*[ and 
df/dx < on ]x*,t/l[. 

(b) There are three cases: 

1. f attains its absolute maximum at if and only if kr\ = lr%; 

2. f attains its absolute maximum at t/l if and only if I = 1, t = 
7r/ (ft + 1) and k 2 rir 2 + (k + l) 2 rir 3 - r 2 r 3 < 0; 

3. otherwise, f attains its absolute maximum in ]0, t/l[. 

(c) The function f attains its absolute maximum with multiplicity 2 unless 
I = 1. t = ir/(k + 1) and k 2 r\r 2 + (k + l) 2 rir 3 — r 2 r 3 = 0, in which case 
it attains its absolute maximum at ir/(k + 1) with multiplicity 4. 

Proof, (a). By Proposition l5.il the derivative of / has a zero in [— t/k, t/l]. Let 
us study the sign of the derivative of /. Equation (flU|) yields 

(x) — — kr\r 2 sin(£ + kx) — (k + £) r i r 3 s'm((k + l)x) + lr 2 r$ sinfi — Ix). (16) 

2 da; 

We wish to compare sin(i + kx) with sin(< — Ix): note that 

sin(t + kx) — sin(i — Ix) = 2 sin((fc + l)x/2) cos(t + (k - l)x/2) . 
Suppose that x £ [—t/k, t/l]. Then 

-7r ^ -n/k < -(k + l)t/k ^ (ft + l)x ^ (ft + l)t/l < n/l ^ tt 

[2t+(l-k)t/k= (k + l)t/k tfk^l 
< 2t + ft - l)x < { {' ; / < tt. 

y ' [2t+{k-l)t/l = (k + l)t/l if/<ft 

Suppose that x S [—t/k, 0[: then it follows that sin(i + fcx) ^ sin(t — Zx) and 
sin((fc + l)x) ^ with equality if and only if ft = 1 and —x = t = tt/(1 + Z). 
This yields with kr\ < Zr3 that 

^(*) > ~( fc + Onr 3 sin((fc + Z)z) ^ (17) 

with equality if and only if k = 1 and —a; = £ = tt/(1 +2). 
If Z ^ 2 and x € [0, t/l], then 

t + kx e [t, (k + l)t/l] C [i,7r/2] 
(k + l)xe [0,(k + l)t/l] c [i,7r/2] 
t-lxe [0,t] c [0,tt/3], 

so that the second derivative of / is strictly negative on [0, t/Z] : its derivative 
is strictly decreasing on this interval and (a) is proved. Suppose that I = 1 and 
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consider g(x) = f(t — x) for x € [0, t): we have to prove that there is a point x* 
such that dg/dx > on ]0,a;*[ and dg/dx < on ]#*,*[. Put a = (k + l)t: then 

— -r-(x) = kr\T2 sin(a — kx) + (k + lViTa sin(a — (fc + l)x) — r 2 r 3 sinx 
2 dx 

and it suffices to prove that 

1 do , . , sin(a — kx) ,, „, sinfa — (k + l)x) . . 

y (x) = k ri r 2 ^ J - + (k + l) ri r 3 i ^ >—L-r 2 r 3 (18) 



2 sin x dx sin x sin x 

decreases strictly with x € ]0, a/(k + 1)]. Let us study the sign of 

d sin(a — kx) — fc cos(a — fcx) sinx — sin(a — fcx) cosx 
dx sin x sin 2 x 

for a € ]0, 7r] and x £ ]0,a/k). If fc = 1, then 

— fccos(a — kx) sinx — sin(a — kx) cosx = — sin a ^5 

and the inequality is strict unless a — n. Let us prove by induction on k that 
fccos(a — kx) sinx + sin(a — kx) cosx > for all k ^ 2, a e ]0, n] and x G ]0, 
a/k]. This will end the proof of (a). Let k ^ 1 and x G ]0, a/(fc + 1)]. Then 

(fc + 1) cos(a — (fc + l)x) sin x + sin(a — (fc + l)x) cos x 

= (fc + 1) cos(a — kx) cosx sinx + (k + 1) sin(o! — fcx) sin 2 x 
+ sin(a — kx) cos 2 x — cos(a — kx) sinx cos x 
= (fc cos(a — fcx) sin x + sin(a — fcx) cos x) cos x 
+ (fc + 1) sin(a — fcx) sin 2 x 
^ (fc + 1) sin(a — fcx) sin 2 x > 

(b). 1. By Proposition 15.11 and (a), / attains its absolute maximum at if 
and only if is a critical point for /. We have 

~(0) = (lr 3 -kn)ra sini^O 
2 ax 

and equality holds if and only if kr\ = lr 3 . 
2. We have 

5^(*/0 = (-knr 2 - (fc + l)nr 3 ) sin((fc + J)f/0 < 

and equality holds if and only if I = 1 and t = n/(k + 1). Let / = 1 and 
f = 7r/(fc + 1) and let us use the notation introduced in the last part of the proof 
of (a): we need to characterise the case that g has a maximum at 0. As a = ir 
and 

An -{x) = fc 2 rir 2 + (fc + l) 2 nr 3 - r 2 r 3 + o(x) (19) 



2 sin x dx 
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decreases strictly with x <E ]0, n/(k + 1)], g has a maximum at if and only if 
k 2 r x r 2 + (k + l) 2 rir 3 - r 2 r 3 < 0. 

(c). If Z ^ 2, then the second derivative of / is strictly negative on [0,£/Z]. 
If I = 1, then the derivative of (fT5|) is strictly negative on ]0, a/(k + 1)]: this 
yields that the second derivative of g can only vanish at 0. By (b)2, g has a 
maximum at only if t = 7r/(fc + 1); then 



2 da; 



2 (0) 



k 2 rir 2 + (fc + l) 2 rir 3 - r 2 r 3 



= -k ir i r 2 - (k+ l) 4 rir 3 + r 2 r 3 
If (HO]) vanishes, then the sum of |T2I) with (gDJl yields 



l_d^ 

2 da; 4 



(0) = -fc(fc + l)n((A - l)*ra + (A + l)(fc + 2)ra) < 0. 



(20) 
(21) 

□ 



Remark 6.2. We were able to prove directly that the system 



f fix) = /(y) 



df 



(x) 



dx 
d 2 / 



GO = o 



da; 
d 2 f 
- da; da; 

implies a; = y modulo 27r or t = 7r/(fc + Z) and a; + y = 2m7r/(fc + Z), but our 
computations are very involved and opaque. 

Remark 6.3. Suppose that Z = k = 1. If t £ ]0,7r/2[, it is necessary to solve 
a generally irreducible quartic equation in order to compute the maximum of 
/. If t = 7r/2, it suffices to solve a linear equation and one gets the following 
expression for max x rie _I:E + ir 2 + r 3 e IX : 



(n +r 3 )^l + r 2 /4rir 3 if |r x 1 - r 3 1 1 < 4r 2 1 
r 2 + |r 3 — ri | otherwise. 



In the first case, the maximum is attained at the two points x* such that sin x* — 
r 2 {rz - ri)/4rir 3 . 

Remark 6.4. Suppose that Z = 1 and k = 2. If £ e ]0, 7r/3[, it is necessary to solve 
a generally irreducible sextic equation in order to compute the maximum of /. 
If £ = 7r/3, it suffices to solve a quadratic equation and one gets the following 



expression for max x r*ie + r 2 c 
square makes 



-r, +r 3 + r x r 2 + 2rir 3 



iTT/3 



4r. 



1 < 9r 2 , then its 



(—)' 

V3r 3 y 



r 2 
3n 



3/2 



f— V 
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and the maximum is attained at the two points x* such that 

1/2 



2 c„, W 3-*.) = ((ii) 2 + ii + 



r 2 

3r 3 : 



otherwise, it makes —r\ + r 2 + r 3 . 



7 The maximum modulus points of a trigono- 
metric trinomial 

If we undo all the reductions that we did in Sections [3] and |4] and in the beginning 
of Section O we get the following theorem. 

Theorem 7.1. Let Ai, A2 and A3 be three pairwise distinct integers such that 
A2 is between Ai and A3. Let 7*1, r 2 and r 3 &e </iree positive real numbers. Given 
three real numbers t\, t% and t 3 , consider the trigonometric trinomial 

T{x) = ne'^'l + r 2 e i(t2+A2 ' T) + r 3 e i( - ta+X3x) (22) 

for x G R. Lei d = gcd(A 2 — Ai, A3 — A 2 ) and choose integers a\ and 03 such 
that 

A 2 — A3 , . A3 — Ai Ai — A? . . 

t = - (h - 2n ai ) + - - t 2 + d (t 3 - 27ra 3 ), 

satisfies |r| ^ 7T. Let ti = ti — 2nai and t 3 = t 3 — 27ra 3 . 

(a) The trigonometric trinomial T attains its maximum modulus at a unique 
point of the interval bounded by (t\ — t 2 )/{X 2 — Ai) and (t 2 — £3)/ (A3 — A 2 ). 
More precisely, 

• i/ri I A2 — Ai| ^ ^3 1 A3 — A2 1 , then this point is between (ti—t 3 ) / '(A3 — Ai) 
and (t 2 - t 3 )/(X 3 - A 2 ); 

• ifri\\2— Ai| ^ r 3 \X 3 — X 2 \, then this point is between (ti—t 3 )/(X 3 — Xi) 
and (ti - t 2 )/(X 2 - Ai); 

• T attains its maximum modulus at (ti — t 3 )/(X 3 — Ai) if and only if 
ri\X 2 - Ai| = r 3 |A 3 - A 2 | or t = 0. 

(b) The function T attains its maximum modulus at a unique point modulo 
2tt /d, and with multiplicity 2, unless \t\ = tt. 

(c) Suppose that |r| = tt, i. e., 

A2 - A 3 A 3 — Ai Ai — A 2 

: h H 1 2 H 1 3 = tt mod 2tt. (23) 

dad 

Lef s be a solution to 2t\ + Xis = 2t 2 + X 2 s = 2t 3 + X 3 s modulo 2tt: s is 
unique modulo 2tt j d. Then T(s — x) = e 1 ( 2t2+X2S * > T(x) for all x. Suppose 
that I A3 — A2 1 ^5 |A 2 — Ai|. There are three cases. 
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1. If A2 — Ai = k{\ 3 — A2) with k 2 integer and 



rf 1 -fcVg" 1 ^(fc + l) 2 ?-- 1 , 

i/jen T attains its maximum modulus, —r\ + r2 + r 3 , only at x — 
{t2 — f3)/(Aa — A2) modulo 2Tr/d, with multiplicity 2 if the inequality 
is strict and with multiplicity 4 if there is equality; 

2. if X-2 — Ai = A3 — A2 and 

i/ien T attains its maximum modulus, T2 + \r$ — T\\, at a unique point 
x modulo 2n/d, with multiplicity 2 if the inequality is strict and with 
multiplicity 4 if there is equality. This point is (<2 — ^3)/(A3 — A2) if 
r\ < r 3> and (ti - i 2 )/(A 2 - Ai) ifr 3 < n; 

3. otherwise T attains its maximum modulus at exactly two points x 
and y modulo 2~k jd, with multiplicity 2, where x is strictly between 
(ti — t2)/(M — Ai) and (<2 — t3)/(Xs — A2), and x + y = s modulo 
2n/d. 

Note that s — x = x modulo 2n/d in Cases 1 and 2. 

8 Exposed and extreme points of the unit ball 

Of ^ A 

The characterisation of the maximum modulus points of a trigonometric trino- 
mial permits to compute the exposed and the extreme points of the unit ball of 
^A. We begin with a lemma. 

Lemma 8.1. (a) A trigonometric trinomial with a given spectrum that at- 
tains its maximum modulus at two given points modulo 2ir/d is determined 
by its value at these points. 

(b) The trigonometric trinomials with a given spectrum that attain their max- 
imum modulus with multiplicity 4 at a given point and have a given value 
at this point lie on a parabola. 

Proof. We will use the notation of Theorem 17. II Without loss of generality, we 
may suppose that Ai = —k, A2 = and A3 = I with k and I two positive coprime 
integers. Let x and y be two real numbers that are different modulo 2ir/d, let 
$ and C be real numbers and let g be a positive real number. 

(a). Let us prove that at most one trigonometric trinomial T attains its 
maximum modulus at x and y and satisfies T(x) = ge 1 "® and T(y) = ge 1 ''. 
Let us translate T by (x + y)/2: we may suppose that x + y = 0. Let us 
divide T by e 1 ^ + '»^ 2 : we may suppose that ■& + ( — 0. As T attains its 
maximum modulus at the two points x and y, we have s — x + y = and 
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2ti - ks = 2t 2 = 2* 3 + Is = d + C = modulo 2tt. Therefore *i = t 2 = * 3 = 
modulo 7r. Let = e ltj rj: the pj are nonzero real numbers. We have 



T(x) = Pl e~ ikx + P2 + P3 c Ux = ge 1 *, 

so that, multiplying by e~ I1? and taking real and imaginary parts, 

Pi cos($ + kx) + pz cos($ — Ix) = g — p 2 cos ■& (24) 
P i sin(i? + kx) + ps sin(i9 — te) = — j>2 sin d. (25) 

The computation 

^^o? ( ' T) = ^(^S^) = K (^)(- iA: Pi e " ifcl + i^e"*)), 

yields 

/cpi sin(i? + kx) — lp3 sin(# — Zir) = 0. (26) 

Equations l|25p and (|2l)|) yield pi and p$ as linear functions of p 2 because sin(i9 + 
kx) sin($ — Ix) 7^ 0: otherwise both factors vanish, so that d = x = modulo 7r 
and x = y modulo 2n. As p ^ 0, Equation (|24[) has at most one solution in p2- 
(6). We may suppose that 1 = 1. Let us determine all trigonometric trino- 
mials T that attain their maximum modulus at x with multiplicity 4 and satisfy 
T(x) = ge li} . Let us translate T by x: we may suppose that x = 0. Let us divide 
T by e : we may suppose that $ = 0. As T attains its maximum modulus at 
with multiplicity 4, we have s — = and 2*i — ks = 2*2 = 2*3 + s = 2§ = 
modulo 2tt. Therefore *i = *2 = *3 = modulo it. Let pj = e ltj rj-. the P j are 
nonzero real numbers and satisfy the system 

Pi + P2 + P3 = Q 

k 2 piP2 + (k + lfpiP3 + P2P3 = 

and therefore 

(kpi -Pzf = g(k 2 pi +P3)- 

More precisely, Theorem l7. 11 (c) yields that if k J? 2, the T form a parabolic arc 
and if k = 1, the T form two arcs of a parabola. □ 

Remark 8.2. The equality 

maxIrie'C 1 ^ 1 ^ +r 2 e i(t2+A2a;) | = n + r 2 (27) 

shows that the exposed points of the unit ball of the space c &{\ 1 .\ 2 } are the 
trigonometric monomials e'^e,^ and e la e\ 2 with a £ R and that no trigono- 
metric binomial is an extreme point of the unit ball of ^y. 

Proof of Theorem \1.2\ (a). A linear functional on % extends to a linear func- 
tional on the space of continuous functions, that is, to a measure fj,, with same 
norm. A measure /i attains its norm only at functions with constant modulus 
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on its support. If fi attains its norm on a trigonometric binomial, then it attains 
its norm on a trigonometric monomial because this trigonometric binomial is a 
convex combination of two trigonometric monomials with same norm by Equa- 
tion (I27p . If [i attains its norm on a trigonometric trinomial T, there are two 
cases by Theorem l7.1l (6. c): 

• T attains its maximum modulus at a unique point modulo 2tt /d: then the 
support of \i has only one point modulo 2ir /d, so that fi is the multiple of 
a Dirac measure and attains its norm on any trigonometric monomial. 

• T attains its maximum modulus at two points modulo 2n/d. 
Conversely, the trigonometric monomial e IQ eA is exposed to the linear form 

2tt J 

A trigonometric trinomial T that attains its maximum modulus, 1, at two points 
x\ and xZ, modulo 2?t/d is exposed, by Lemma I8.1l fa), to any nontrivial con- 
vex combination of the unimodular multiples of Dirac measures T(x\)8 x * and 
T{xf)5 xl . □ 

Remark 8.3. This is a complex version of [16[ Lemma 2.3]. 



Proof of Theorem \1.2\ (b). Let K be the unit ball of Straszewicz's Theorem 
[2Tj tells that the exposed points of K are dense in the set of its extreme points. 
Let U be a limit point of exposed points of K . If U is a trigonometric monomial, 
U is exposed. If U is a trigonometric binomial, U is not an extreme point 
of K by Remark 18.21 If U is a trigonometric trinomial, it is the limit point 
of trigonometric trinomials that attain their maximum modulus twice modulo 
2n/d, so that either U also attains its maximum modulus twice modulo 2Tr/d 
or, by Rolle's Theorem, U attains its maximum modulus with multiplicity 4. 
Let us prove that if a trigonometric trinomial U attains its maximum modulus 
with multiplicity 4 at a point x, then U is an extreme point of K. Suppose that 
U is the midpoint of two points A and B in K . Then ^ 1, ^ 1 

and (A(x) + B{xj) /2 = U{x), so that A(x) = B{x) = U(x). Furthermore 



\U(x + h)\ < 



\A(x + h)\ + \B(x + h)\ 
2 

h 2 fd 2 \A\. d 2 \B\ 



so that, as \U(x + h)\=l + o(h 3 ), 

d 2 \A\ n d 2 \B\ n , d 2 |^L . d 2 |£L . „ 

da; ax ax dx 

and therefore A and B also attain their maximum modulus with multiplicity 4 
at x. As this implies that A and B arc trigonometric trinomials, Lemma l8.1l (6) 
yields that U, A and B lie on a parabola: this implies A = B = U. □ 
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Remark 8.4. The set of extreme points of the unit ball of is not closed: for 
example, if A2 is between Ai and A3, every absolutely convex combination of 
&Xi an d e^ 3 is a limit point of exposed points. 

Remark 8.5. If Ai — A2 is not a multiple of A3 — A2, nor vice versa, then we 
obtain that every extreme point of the unit ball of is exposed. 

Remark 8.6. In particular, compare our description of the extreme points of the 
unit ball of ^{0,1,2} with the characterisation given in [5J. 



9 Dependence of the maximum modulus on the 
arguments 

We wish to study how the maximum modulus of a trigonometric trinomial 
depends on the phase of its coefficients. We shall use the following formula that 
gives an expression for the directional derivative of a maximum function. It was 
established in [3] . Elementary properties of maximum functions are addressed 
in [HI Part Two, Problems 223-226]. 

N. G. Chebotarev's formula ([5J Th. VI.3.2, (3.6)]). Let I C M be an open 
interval and let K be a compact space. Let f(t,x) be a function on L x K that 

df 

is continuous together with — (t, x). Let 

/*(i)=rnax/(t,x). 

Then /*(£) admits the following expansion at every t G 

r(t + h) = f*(t)+ max (h^-(t,x))+o(h). (28) 
f(t.x)=f(t) \ at j 

Proposition 9.1. Let k,l be two positive coprime integers. Let r±, r2 and r 3 

be three positive real numbers. Then 

max|ne~ ifcE + r 2 e it + r 3 e ilx \ 

X 1 1 

is an even 2tt/ (k+l) -periodic function oft that strictly decreases on [0, ir/(k+l)]: 
in particular 

minmax|rie" ifc;E + r 2 e i4 + r 3 e ilx \ = max|rie~ ifcr + r 2 e i7T 1 (k+l) + r 3 e iLx \. 

t x 1 1 2; 1 1 

Proof. Let 

f(t,x) = Inc-^ + ^+rae^l 2 . (29) 

By (ITU1) and ([TTJ) , /* is an even 2n/(k + Z)-periodic function. 

Let t e ]0, ir/(k + l)[ and choose x* such that f(t,x*) — f*(t): then x* G 
[—t/k,t/l] by Proposition [5T1 so that 

1 df 

— (t, x*) = —r\ sin(t + kx*) — r 3 shx(t — lx*) < 

2r 2 at 
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because t + kx* e [0, (k + l)t/l] and t — Ix* e [0, (k + l)t/k] do not vanish 
simultaneously. By Formula (|28|) , /* decreases strictly on [0,7r/(fc + I)]. □ 

Proposition 9.2. Let k,l be two positive coprime integers. Let n, r 2 and r 3 

be three positive real numbers. Then 



max x 


r\e lkx + r 2 e l4 + r 3 e llx | 




r\ + r 2 e l4 + r 3 





(30) 

is an increasing function oftE [0, 7r/(fc + ?)]■ Ifkri — lr%, it is constantly equal 
to 1; otherwise it is strictly increasing. 

Proof. Let f(t,x) be as in (|29|) : then the expression (1301 is .9*0) 1/2 with 

/(*,a0 



g{t,x) 



If feri = Zr3, then /(t, 0) = f*{t), so that <?*(£) = 1. As shown in the beginning 
of Section [6j we may suppose without loss of generality that kr\ < lr 3 . Let 
t £ ]0,7r/(fc + /)[ and choose x* such that f{t,x*) = f*(t): then x* G }0,t/l[ by 
Propositions 15.11 and 16.11 and 



f(t,0) 2 dg 1 (df *\ d f u n\ 



2r 2 <9t v ' ' 2r 2 V dt v ' " v ' ' J v ' ' fli 

= (-n sin(i + kx*) - r 3 sm(t - lx*))f(t, 0) + f*(t){n + r 3 ) sint 
= h(0)f*(t)-h(x*)f(t,0) 

with 

h{x) = ri sm(t + kx) + r 3 sin(i — Ix). 
Let us show that h is strictly decreasing on [0,t/l]: in fact, if x S ]0,i/Z[, 

— (a;) = fcri cos(£ + fcx) — /r 3 cos(i — /a;) < (fcri — lr 3 ) cos(t — Zz) < 0. 
dx 

As /*(*) > /(t,0) and /i(0) > /i(x*), {dg / dt){t,x*) > 0. By N. G. Chebotarev's 
formula, 5* increases strictly on [0, 7r/(fc + I)]. □ 

It is possible to describe the decrease of the maximum modulus of a trigono- 
metric trinomial independently of the r's as follows. 

Proposition 9.3. Let k and I be two positive coprime integers. Let r\, r 2 and 

r 3 be three positive real numbers. Let ^ t' < t ^ n/(k + I). Then 

uia-yi\r 1 e~ ikx +r 2 e it ' +r 3 e ilx \ < cos ( f / 2 ) max | rie ~ ifc:I + r 2 e H + r 3 e ifa | (31) 
z 1 ~ 1 cos(t/2) a 1 1 

with equality if and only if ' r± : r 2 : r 3 = I : k + I : k. 
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Proof. Let us apply Proposition 19. 21 We have 
i v I 2 

Iri+^e 1 +r 3 | 2r 2 (rx + r 3 ) (cost' - cost) 



In +r 2 c i * + r 3 | ( r i + r 3) 2 + 2r 2 (ri + r 3 )cost + r 2 ! 

cos t' — cos t 



< 1 



cost + (r| + (n + r 3 ) 2 )/2r 2 (n + r 3 ) 
cos t' — COS t COS t' + 1 
COS t + 1 COS t + 1 



by the arithmetic-geometric inequality with equality if and only if r 2 = v\ + r 3 . 
Therefore Inequality (f3Tj) holds, with equality if and only if fcri = lr 3 and 
r 2 =ri+r 3 . □ 

We may now find the minimum of the maximum modulus of a trigonometric 
trinomial with fixed Fourier coefficient arguments and moduli sum. Proposi- 
tion [9?3] yields with t' = 

Corollary 9.4. Let k and I be two positive coprime integers. Let r±, r 2 and r 3 
be three positive real numbers. Let t € ]0, n / (k + I)]. Then 



maxJrie lkx + r 2 e l4 + r 3 e lfa I 



^ cos(t/2) 



n + r 2 + r 3 

with equality if and only if r± : r 2 : r 3 = I : k + I : k. 
Remark 9.5. There is a shortcut proof of Corollarv l9.4l 
m&x x \rie~ lkx + r 2 e l4 + r 3 e lte | Iri + r 2 e I( + r 3 | 



ri + r 2 + r 3 n + r 2 + r 3 



4(ri+r3)r2 2 sin 2 (t/2) 



(ri + r 2 + r 3 ) 



^ yd - sin 2 (t/2) = cos(t/2) 



and equality holds if and only if |rie lfe:E + r 2 e l4 + r 3 e l/;E | is maximal for x = 
and rj + r 3 = r 2 . 

10 The norm of unimodular relative Fourier 
multipliers 

We may now compute the norm of unimodular relative Fourier multipliers. 

Corollary 10.1. Let k and I be two positive coprime integers. Let t G [0, it/ 

(k + I)] . Let M be the relative Fourier multiplier (0, t, 0) that maps the element 

r 1 e iui e- k + r 2 e iU2 e + r 3 e iu *e l (32) 
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of the normed space K.^n on 



r ie iui e_ fe + rae'^+^eo + r 3 e iU3 e;. 



Then M has norm cos(-7r/2(/c + I) — t/2) j cos(ir/2(k + /)) and attains its norm 
exactly at elements of form (|32[) with r\ : r 2 : r 3 = I : k + I : k and 



—lu\ + (k + Z)it2 — fcit 3 = 7r mod 27r. 

Proof. This follows from Proposition ^ . 3l and the concavity of cos on [0, 7r/2]. □ 

Remark 10.2. This corollary permits to guess how to lift M to an operator that 
acts by convolution with a measure /i. Note that /j, is a Hahn-Banach extension 
of the linear form / i— > Mf(Q). The relative multiplier M is an isometry if and 
only if t = and \i is the Dirac measure in 0. Otherwise, t ^ 0; the proof of 
Theorem 11.21 (a) shows that \x is a linear combination a5 y + /JJm of two Dirac 
measures such that the norm of M is |a| + |/3|. Let /(x) = le~ lkx + (k + 
l^ e ™/(k+l) _|_ ke llx : M attains its norm at /, / attains its maximum modulus 
at and 2nnr/(k + I), and Mf attains its maximum modulus at 2mir/(k + I). 
where m is the inverse of I modulo k + I. As 

(|a| + |/?|)max|/(z)| =max|M/(x)| 

X X 

= | M */(2TO7r/(fc + 0)| 

= \af(2mir/(k + I) - y) + 0f(2mn/(k + l)~ w)\, 

we must choose {y, w} — {0, 2rmr/(k + I)}. A computation yields then 

_ sin(7r/(fc + Q-t/2) i(m+H(k+l)) sin(t/2) 

M " sin(7r/(fc + 0) ° sin(V(fc + 0) 

Consult [20] on this issue. 



11 The Sidon constant of integer sets 

Let us study the maximum modulus of a trigonometric trinomial with given 
Fourier coefficient moduli sum. We get the following result as an immediate 
consequence of Corollarv l9.4l 

Proposition 11.1. Let k and I be two positive coprime integers. Let r\, r-i and 

r 3 be three positive real numbers. Let t £ [0, n/(k + I)]. Then 

max|7-ie" ifcr +r 2 e i * +r 3 e ite | ^ (n + r 2 + r 3 ) cos(7r/2(fc + I)) 

with equality if and only if r\ : r2 : r$ = I : k + I : k and t — %/{k + I). 

This means that the Sidon constant of {— k, 0, 1} equals sec(7r/2(fc + I)) . 
The Sidon constant of integer sets was known in three instances only: 
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The equality 

max|rie i( * 1+Ai:z;) + r 2 e i(t2+X2X) I = r x + r 2 

X ' ' 

shows that the Sidon constant of sets with one or two elements is 1. 



The Sidon constant of { — 1, 0, 1} is \/2 and it is attained for e_i + 2i + ei. 

■ 1 2 

Let us give the original argument: if f(x) — \rie~ lx + r 2 e lt + r 3 e 1;E | , the 
parallelogram identity and the arithmetic-quadratic inequality yield 

f(x) + f(x + ir) 



max/(i) ^ max- 



= max ■ 



2 

rie -la: + r 3 e lx + ^e 1 ' + rie _la; + r 3 e lx — ^e 1 * 



2 

2 



= max|rie lx + r 3 e lx \ -I- |r 2 e 1 *| 

X III 

/ , n2 , 2 ^ (ri+r 2 + r 3 ) 2 
= (n+r 3 ) +r 2 ^ . 

• The Sidon constant of {0, 1,2,3,4} is 2 and it is attained for 1 + 2ci + 
2c 2 - 2e 3 + e4. 

These results were obtained by D. J. Newman (see [19].) The fact that the 
Sidon constant of integer sets with three elements cannot be 1 had been noted 
with pairwise different proofs in [19] [2] [9J . 

The following estimates for the Sidon constant of large integer sets are 
known. 

• E. Beller and D. J. Newman 1 showed that the Sidon constant of {0, 1, 
. . . , n} is equivalent to y/n. 

• (Hadamard sets.) Let q > 1 and suppose that the sequence (^j)j^i grows 
with geometric ratio q: | ^ q\^j | for every j. Then the Sidon constant 
of {Ai, A 2 , . . • } is finite; it is at most 8 if q ^ 2, it is at most 2 if q ^ 3 
(see [TT]), and it is at most 1 + tt 2 / (2q 2 - 2 - tt 2 ) if q > y/1 + n 2 /2 (see 
[13] Corollary 9.4] or the updated Q31 Corollary 10.2.1].) 

Our computations show that the last estimate of the Sidon constant has the 
right order in g _1 for geometric progressions. 

Proposition 11.2. Let C be the Sidon constant of the geometric progression 
{1, q, q 2 , . . . }, where q ^ 3 is an integer. Then 

1 + Tr 2 /8(q + l) 2 sec(7r/2(,7 + 1)) < C < 1 + tt 2 / (2q 2 - 2 - tt 2 ) . 

One initial motivation for this work was to decide whether there are sets 
{Ajj-^i with I A j _|_ 1 1 ^ q\Xj\ whose Sidon constant is arbitrarily close to 1 and 
to find evidence among sets with three elements. That there are such sets, 
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arbitrarily large albeit finite, may in fact be proved by the method of Riesz 
products in [8l Appendix V, §1.11]; see also [IH Proposition 13.1.3]. The case 
of infinite sets remains open. 

A second motivation was to show that the real and complex unconditional 
constants of the basis (e\ 1 , e \ 2 , e> 3 ) of % are different; we prove however that 
they coincide, and it remains an open question whether they may be different for 
larger sets. The real unconditional constant of (e^, e,\ 2 , eA 3 ) is the maximum 
of the norm of the eight unimodular relative Fourier multipliers (ti,t2,ts) such 
that tk = modulo n. Let i, j, k be a permutation of 1, 2, 3 such that the power 
of 2 in Xi — Afc and in Xj — Xk are equal. Lemma |2 . 1 1 shows that the four relative 
multipliers satisfying ti = tj modulo 27r are isometries and that the norm of any 
of the four others, satisfying ti ^ tj modulo 27r, gives the real unconditional 
constant. In general, the complex unconditional constant is bounded by ir/2 
times the real unconditional constant, as proved in [18| : in our case, they are 
equal. 

Corollary 11.3. The complex unconditional constant of the basis (e\ ly e\ 2 , 
e\ 3 ) o/^a is equal to its real unconditional constant. 
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